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A  study  of  microwave  breakdown  In  strongly  non-uniform  electric 
fields  has  been  performed.  Breakdown  fields  In  air  have  been  measured 
In  three  resonant  cavities  at  X-band  frequencies.  One  cavity  was  de¬ 
signed  to  provide  uniform  field  breakdown)  \dille  the  other  two  had 
strong  field  gradients.  Effective  diffusion  lengths  for  the  non- 
uniform  field  cavities  were  calculated)  by  making  use  of  the  variational 
theory  for  non-uniform  field  breakdown.  The  experimental  results  for 
the  uniform  field  cavity  are  In  good  agreement  with  theory;  however, 
the  observed  data  for  the  non-imlform  field  cavities  shows  only  fair 
agreement  with  theory.  The  discrepancy  between  theory  and  experiment 
In  the  diffusion  region  Is  not  unexpected,  considering  the  assumptions 
that  were  made  In  the  theory.  However,  the  discrepancy  in  the  attach¬ 
ment  region  of  the  experlm^ts  1$  unexpected  and  suggest  the  possibility 
that  an  additional  mechanism  may  play  a  significant  role  In  non-uniform 
field  breakdown. 


I.  imppwTigw 


The  electrical  breakdown  of  gases  at  microwave  frequencies  has 
been  studied  by  a  number  of  authors  In  the  past.^’*^  C.W*  breakdown 
Is  defined  as  the  condition  which  exists  In  the  gas  at  the  Instant  of 
time  when  the  rate  at  which  electrons  are  being  lost  Is  exactly  balanced 
by  the  rate  at  which  they  are  created.  The  loss  of  electrons  Is  accom¬ 
plished  by  the  mechanisms  of  diffusion,  attachment  and  recombination. 
Their  production  Is  due  to  Ionizing  collisions  by  electrons  which  have 
gained  sufficient  energy  from  the  applied  electric  field.  The  pressure, 
container  size,  and  the  characteristics  of  the  gas  determine  which  loss 
process  Is  dominant. 

The  C.W.  breakdown  condition  is  expressed  analytically,  by  the 
steady  state  continuity  equation.  For  diffusion  controlled  breakdown, 
this  equation  is  solved  subject  to  the  boundary  condition  that  the  elec¬ 
tron  density  vanishes  at  the  walls  of  the  container.  If  the  electric 
field  is  uniform  in  space,  the  governing  equation  is  a  second  order, 
linear,  homogeneous  differential  equation  with  constant  coefficients, 
whose  solution  is  straightforward.  An  infinite  number  of  eigenvalues 
is  obtained  corresponding  to  an  infinity  of  solutions  for  the  electron 
density  distribution.  Each  solution  refers  to  a  diffusion  mode,  but 
only  those  combinations  of  solutions,  which  are  everywhere  psoitive, 
are  admissible.  In  breakdown  experiments  it  is  the  lowest  eigenvalue 
which  enters  the  calculations.  This  is  based  on  the  assumption  that  the 
lowest  diffusion  mode  dcHnlnates  breakdown. 

In  analogy  to  the  first  Townsend  coefficient  for  d.c.  breakdown, 
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a  high  frequency  ionization  coefficient  is  defined 


f 


(1) 


Here,  v  is  the  net  production  rate  per  electron,  D  is  the  diffusion 
coefficient  and  E  the  electric  field.  The  quantity  is  thus  a 
fxmctlon  of  electron  energy  as  both  v  and  D  are  energy  dependent 
quantities.  The  energy  dependence  of  C  is  expressed  as  a  functional 
relation  between  C  and  E/p,  where  p  is  the  pressure  and  E/p  is  the 
proper  energy  parameter.  If  this  functional  relation  is  known  then 
the  breakdown  field  can  be  determined  by  relating  the  lowest  eigenvalue 
to  the  high  frequency  ionization  coefficient.  This  leads  to 


where  a  is  the  characteristic  diffusion  length  of  the  container. 

The  energy  dependence  of  the  ionization  coefficient  is,  in  general, 
arrived  at,  by  making  use  of  the  Boltzman  transport  equation  euid  kinetic 
theory.*  The  Boltzman  transport  equation  yields  the  electron  energy 
distribution  function.  Kinetic  theory  relates  the  distribution  function 
to  the  ionization  frequency  and  to  the  diffusion  coefficient.  However, 
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the  complexity  of  the  calculations  limits  the  applicability  of  this 
approach  to  those  few  gases  which  exhibit  relatively  simple  properties. 
The  properties  of  the  gas  that  determine  the  complexity  of  the  calcu¬ 
lations  are  the  energy  dependences  of  the  cross-sections  for  the  vari¬ 
ous  elastic  and  Inelastic  processes  that  may  occur.  Even  for  simple 
gases  such  as  He,  or  H2  approximations  are  necessary. 

Another  approach  in  arriving  at  the  energy  dependence  of  the  high 
frequency  ionization  coefficient,  is  to  make  use  of  available  d.c. 
experimental  data.  This  approach  has  been  successfully  applied  to 
air  where  the  data,  for  the  energy  dependence  of  the  coefficients  for 
ionization  and  attachment  is  available. 

Once  the  high  frequency  ionization  coefficient  is  known,  the 
problem  is  essentially  solved  for  the  “ase  of  uniform  fields.  Almost 
all  of  the  workers  in  the  past  have  so  designed  their  experiment  that 
the  breakdown  field  was  uniform  in  the  direction  in  which  diffusion 
took  place. 

The  effect  of  a  non-uniform  field  on  breakdown  has  also  been 
studied  by  a  number  of  authors.®"^ ^  An  effective  diffusion  .ength  Is 
arrived  at  by  solving  the  ditfusion  equation  for  the  case  of  a  non- 
uniform  field.  Merlin  and  Brown’’  have  solved  this  equation  approxi¬ 
mately  for  a  few  simple  cases  in  terms  of  confluent  hypergoometric 
functions.  Buchsbaum®  has  shown  that  a  variational  technique  can  be 
applied  to  this  problem,  and  both  he  and  the  author^®  have  used  this 
technique  in  some  simple  cases.  More  recently,  Platzman  and  Solt^^ 
have  used  the  variational  method  in  a  more  general  case  and  have 
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achi«v«d  good  Agreement  with  experimental  results.  In  this  worky  we 
applied  the  variational  method  to  conditions  having  an  essential 
difference  from  those  of  Platzman  and  Solt.^^  While  they  studied 
primarily  the  effect  of  non-uniform  fields  on  electrical  breakdown  at 
small  metallic  discontinuities}  we  studied  the  effect  of  the  non-uniform 
fields  found  in  higher  order  mode  cavities.  Thus  within  the  volume} 
remote  from  the  walls y  there  existed  regions  of  where  the  electric  field 
was  too  small  to  cause  net  Ionization. 
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II.  jmm  m  mj^m  m  mrmwm  ^ 

A.  SfiliiUffl  St  tias.  Piriagto.  Eq^^npn 

The  differential  equation  that  governs  C.W.  diffusion  controlled 

breakdown  is^ 


7»\jr  +  =  0, 


(3) 


where  ^  =  Dn,  n  being  the  electron  number  density.  If  E  is  uniform, 
and  D  are  independent  of  position  and  the  equation  is  easily  solved 
subject  to  the  boundary  condition  that  n  vanishes  at  the  walls  of  the 
container.  This  leads  to  the  lowest  eigenvalue  given  by 


k*  =  CE* 


(4) 


The  eigenvalue  k  is  the  reciprocal  of  the  diffusion  length  A,  which 
is  determined  by  the  geometry  of  the  container.  If  is  known  as  a 
function  of  E  then  the  breakdown  field  is  given  by  (4). 

If  the  field  is  not  uniform  in  space,  then  it  can  be  expressed  as 


E  =  E'  F(x,y,z) 


(5) 
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\Aiere  S'  Is  the  value  of  the  field  at  a  particular  point  in  the  region. 
The  value  of  C  this  point  is  designated  as  C'*  The  characteristic 
value  is  then  expressed  as 


k*  =  CE*  =  C'E'* 


(6) 


where 


Ic'a  = 


(7) 


Assuming  that  the  diffusion  coefficient  D  is  a  slowly  varying  function 
with  energy,  (so  that  its  space  dependence  can  be  neglected,  except 
insofar  as  it  is  taken  account  of  in  the  space  variation  of  C)  then 
Equation  (3)  is  still  valid  for  non-uniform  field  breakdown,  and  sub¬ 
stitution  of  (6)  into  (3)  yields 


(8) 


The  problem  is  to  determine  the  new  eigenvalue  k'  which  together  with 
Equation  (7)  determines  the  breakdown  field  E'. 

Equation  (8)  is  still  linear  and  homogeneous,  however,  the 


coefficients  are  no  longer  constant)  but  depend  on  the  Independent 
space  variables.  The  equation  Is  solved  by  using  the  variational 
method.  We  rewrite  (8)  as 


k'«  =  -Jn5-ndv|Jn»  (^J  d 


(9) 


where  the  Integration  is  carried  out  over  the  total  volume  of  the 
container.  By  making  use  of  the  Identity 


V.  (rVn)  =  Vn.Vn  +  nV®n 


(10) 


and  of  Green's  theorem)  together  with  the  condition  that  n  vanishes 
at  the  boundary  of  the  container)  Eqaation  (9)  reduces  to 


(]1) 


The  next  step  is  to  use  a  theorem  which  is  proven  in  the  theory  of 
the  calculus  of  variations.  The  theorem  states  that  if  an  n  satisfies 
Equation  (8)  and  either  one  of  two  boundary  conditions)  i.e.)  either 
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n  or  its  normal  derivative  vanishes  at  the  walls y  then  It  must  also 
satisfy  the  equation 


C(k'»)  =  0, 


(12) 


where  C  Indicates  minimization  of  Equation  (11)  with  respect  to  vari¬ 
ation  in  n.  In  addition,  k'*  will  have  an  absolute  minimum  correspond 
Ing  to  the  lowest  eigenvalue  if  (C/C)  is  nowhere  negative. 

The  method  then  involves  choosing  a  trial  function  for  n  which 
contains  one  or  more  arbitrary  parameters.  The  form  of  the  trial 
function  is  usually  suggested  by  the  physical  situation.  The  quantity 
k'*  is  minimized  with  respect  to  the  variational  parameters,  and  its 
minimum  value  will  be  an  upper  bound  on  the  lowest  eigenvalue.  This 
method  leads  to  an  approximate  lowest  eigenvalue,  the  accuracy  of  the 
approximation  being  determined  by  the  accuracy  with  which  the  trial 
solution  approximates  the  actual  electron  density  distribution. 

Equation  .(7)  can  be  rewritten  as 


where  A*  is  an  effective  diffusion  length  for  non-uniform  field 
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breakdown.  Unlike  the  uniform  field  case  where  the  diffusion  length 
is  determined  solely  by  the  geometry,  A'  is  now  a  function  of  E/p. 

This  is  seen  from  Equation  (11)  where  the  quantity  (^/C)  is  function¬ 
ally  related  to  E/p.  It  is  through  this  relation  that  the  space  de¬ 
pendence  of  (C/C')  is  determined  and  used  in  (11).  Once  A'  has  been 
detarmlned  as  a  function  of  E/p  for  a  particular  field  non-uniformity, 
Equation  (13)  together  with  the  relation  between  C  and  E/p,  leads  to 
a  plot  of  E'/p  vs.  pA ' .  The  experimental  results  can  then  be  compared 
to  this  theoretical  curve  by  using  the  calculated  A'  corresponding  to 
each  experimental  value  of  E'/p. 

B.  Determination  of  the  High  Frequency  Ionization  Coefficient 

Several  factors,  to  be  discussed  subsequently,  dictated  the  choice 
of  air  as  the  gas  fill  to  be  studied.  The  high  frequency  ionization 
coefficient  for  air  is  determined  from  d.c.  data  by  writing'*'’ 


2 


o</p  -  e/p 


u 


av 


(14) 


in  this  expression  o<  =  number  of  ionizing  collisions  per  cm  per  electron, 
B  =  number  of  attaching  collisions  per  cm  per  electron  and  u^^  is  the 
average  electron  energy.  Recombination  losses  at  •breakdown  densities 
in  air  can  be  neglected,  and  are  therefore  not  included  in  (ih).  The 
experimental  data  for  the  dependence  of  «</p,  e/p  and  u^^^  on  . /p  is 


“lO** 


used  to  calculate  C  as  a  function  of  p.  The  result  can  be  applied 
to  high  frequency  fields  if  instead  of  the  d.c.  field  an  equivalent 
high  frequency  field  is  used.  The  equivalent  field  is  defined  as®»^* 


5.  A 


P  =  E^/p  +  A 


(15) 


where 


V  =  E^ms/Ll  ^  («/vc)’]. 


(16) 


Eg  is  an  effective  field,  =  r.m.s.  value  of  the  high  frequency 

field,  uu  =  radian  frequency  of  the  high  frequency  field,  =  electron- 
molecule  collision  frequency  and  A  is  a  term  that  takes  account  of  the 
electron  energy  modulation.  This  term  is  important  only  at  high  pres¬ 
sures  when  the  energy  relaxation  time  becomes  compuraole  to  the  r.f. 
period.  In  comparing  theory  with  experiment  the  experimental  break¬ 
down  fields  must  be  reduced  to  this  equivalent  field,  which  results  in 
the  same  net  ionizatls^n  as  a  d.c.  field  of  the  same  magnitude. 

The  high  frequency  ioniz-ation  coefficient  for  air  has  been  calcu¬ 
lated  by  Platzman  and  Solt.“  Vfe  used  these  results  in  calculating  the 
effective  diffusion  lengths  for  our  experimental  conditions.  In  reduc¬ 
ing  the  experimental  data,  the  results  of  Gould  and  Roberts®  were  usc^d 
for  the  energy  modulation  term  A. 


X 


} 
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C.  LMts  of  AB,P3,4ca]?3,m^.y  o£  ^  Illg.9£J 

In  Section  II  A  we  have  seen  that  the  calculation  of  effective 
diffusion  lengths  Involves  a  knowledge  of  the  dependence  of  C  on  E/p. 

In  calculating  C  from  kinetic  theory  one  usually  gets  a  dependence  on 
three  parameters,  E/p,  pX  and  a/X  where  X  is  the  wavelength  of  the  high 
frequency  field.  The  dependence  on  A  is  due  to  the  assumption^  that 
V*f^  =  -f^^A^,  where  f^  is  the  electron  energy  distribution  function. 

The  assumption  is  made  in  order  to  facilitate  the  solution  of  the  Boltz- 
man  equation  for  f^.  Since  it  is  the  diffusion  length,  applicable  to 
a  particular  non-uniform  field,  that  we  are  trying  to  determine,  the 
method  will,  in  general,  be  Invalid  if  is  a  function  of  A.  For  air 
this  problem  does  not  arise,  as  ^  is  determined  from  d.c.  experimental 
data  and  is  therefore  independent  of  both  X  and  A. 

The  theory  also  is  invalid  unless  the  ionization  coefficient, 
and  therefore  the  electron  energy  at  a  given  point,  is  determined  by 
the  field  at  that  point.  This  is  best  seen  from  Equation  (11)  where  it 
is  necessary  to  introduce  the  space  dependence  of  before  the  variation¬ 
al  technique  is  performed.  Since  the  space  dependence  of  is  deter¬ 
mined  through  its  dependence  on  E,  the  implication  is  that  at  a  given 
point  C  is  determined  by  the  field  at  that  point.  This  condition  will 
be  satisfied  if  we  experimentally  fulfill  the  two  following  requirements: 
(a)  The  distance  that  an  electron  diffuses  in  an  energy  relaxation  time, 
and  (b)  The  oscillation  amplitude  of  the  electron,  are  both  small  com¬ 
pared  to  the  distance  over  which  the  field  changes  appreciably. 

The  number  of  collisions  that  an  electron  has  to  make  in  diffusing 


12 


length  A  is^® 


3  ^ 
2 


(17) 


where  I  is  the  mean  free  path  of  the  electron.  Therefore  the  dif¬ 
fusion  distance  covered  in  time  t  will  be 


A 


(18) 


The  mean  free  path  l  ,  where  v  is  the  average  electron  velocity. 
Substitution  of  -t  leads  to 


(19) 


The  energy  relaxation  time  can  be  written  as 


(K/p)p® 


(20) 
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where  K  Is  the  fractional  energy  lost  per  second  per  nun  Hg  of  pressure. 
The  diffusion  distance  covered  by  an  average  electron  in  a  relaxation 
time  is 


A 


1 

(K/p)p*v 


(21) 


This  must  be  small  compared  to  an  effective  diffusion  length  A  , 
corresponding  to  a  distance  over  which  the  field  changes  appreciably 


[f 


(K/p)p*v 


.]i 


<  A, 


(22) 


9 

Assuming  a  collision  frequency  of  6  x  lO"^  p  and  an  average  electron 
energy  of  5  e*v,  leads  to  the  condition  that 


p.,  [!•?  X  r^]2/3  [k/p]-1/3 


(23) 


K/p  as  a  function  of  average  electron  energy  has  been  computed  for  air 
by  Gould  and  Roberts.*  Using  a  value  of  K/p  corresponding  to  5  e»v, 


-14- 

and  an  effective  diffusion  length  of  2  x  10"^  cm  yields, 


p  >  12  mm  of  Hg 


(24) 


The  value  of  A  used  is  one  which  corresponds  to  a  distance  over 
which  the  field  changes  less  than  10%  over  95/^  of  the  cavity  volume. 

The  field  change  will  be  greater  than  this,  over  a  similar  distance, 
only  in  regions  of  low  ionization.  This  discrepancy  should,  therefore, 
not  effect  the  above  condition. 

The  restriction  on  the  pressure  given  by  (24)  is  stronger  than 
the  mean  free  path  condition  required  for  diffusion  controlled  break¬ 
down.  For  our  experimental  conditions,  the  requirement  that  the  mean 
free  path  be  small  compared  to  the  dimension  in  which  diffusion  takes 
place,  leads  to  the  condition  that  p>5xl0“'^  mm  Hg. 

The  oscillation  amplitude  limit  of  the  electron  is  boiond  from 


A  =  >^2  -  —  ,  (25) 

m  ujv^ 


where  A  is  the  oscillation  amplitude  and  ^  is  the  electron  charge  to 
mass  ratio.  We  require  that  A  be  small  compared  to  the  distance  over 
which  the  field  changes  appreciably.  For  our  experimental  conditions 
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we  havey 

6  £ 

>r2 - <5  X  10”^  (26) 

®  (ttV_ 

c 

this  leads  to  the  requirement  that 

E/p  <  24-0  V/cm  -  mm  Hg  .  (27) 

This  condition  was  satisfied  in  our  experiments. 

In  addition  to  these  restrictions  on  the  theory",  we  must  consider 
that  the  effect  we  are  looking  for  will  be  present  only  in  the  diffusion 
controlled  press\ire  region.  The  theory  predicts  that  the  effect  of  a 
non-uniform  field  on  breakdown,  in  a  given  geometry,  is  to  reduce  the 
diffusion  length,  theheby  raising  the  required  field  for  breakdown. 
Since  attachment  controlled  breakdown  is  independent  of  geometry,  we 
should  not  expect  to  see  the  non-uniform  field  effect  in  this  region. 
From  the  available  data  for  air* ,  it  can  be  seen,  that  attachment 
assumes  a  dominant  role  at  a  value  of  approximately 


pA  =  6  cm-mm  Hg 


(28) 
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III.  EaCPERIMENTAL  APPARATUS 

The  heart  of  the  experimental  equlpnmt  Is  the  microwave  cavity 
In  which  breakdown  fields  are  measured y  as  a  function  of  pressure.' 

Three  cavities  have  been  used  In  these  experiments.  They  were  made 
of  oxygen  free  high  conductivity  copper  and  were  vacuum  tight.  In 
appropriate  places  they  had  pyrex  bubbles  which  protruded  Into  the 
cavity,  for  the  purpose  of  probe  coupling  microwave  ppwer  to  the  cavity. 
These  bubbles  were  found  to  limit  the  pressure  range  In  which  data 
could  be  taken.  At  high  and  low  pressures  where  high  powers  were  need¬ 
ed  for  breakdown,  the  bubble  overheated  thus  ruining  the  coupling  to 
the  cavity. 

In  the  design  of  the  cavities  the  following  considerations  were 
the  determining  factors. 

(a)  Field  configuration 

(b)  Physical  size 

(c)  Mode  separation 

The  desired  field  configuration  is  one  which  has  a  strong  field  gradient 
in  the  direction  in  which  most  electrons  are  lost  to  the  walls  by  dif¬ 
fusion.  This  requires  that  the  dimension  in  which,  a  strong  field  grad¬ 
ient  exists,  for  a  particular  mode,  be  small  compared  to  the  dimension  in 
which  we  wish  to  neglect  diffusion.  To  satisfy  this  ^-ondition  for  the 
interesting  modes,  at  S  band,  would  make  the  physical  size  of  the  cavi¬ 
ties  impractical.  The  cavities  were  thus  designed  to  resonate  at  a 
frequency  of  9*5  Kmc.  It  Is  also  necessary  to  insure  that  other  modes 
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whose  resonant  frequency  is  close  to  9*5  Kmc  will  not  be  excited.  The 
cavity  .dimensions  separated  all  undesired  modes  by  at  least  50  Me.  In 
the  one  case  where  this  Is  not  sOy  the  coupling  probe  was  placed  at  a 
position  In  the  cavity,  where  It  excited  only  the  desired  mode. 

All  three  cavities  were  right  circular  cylinders.  Their  inside 
dimensions  are  given  in  Figure  1,  where  we  have  Included  a  sketch  of 
a  right  circular  cylinder  €uid  a  cylindrical  co-ordinate  system.  The 
following  table  gives  the  mode  of  oscillation  for  each  cavity  together 
with  the  corresponding  electric  field  distribution^*: 

Ez  =  Jq  (2.405  r/R) 

Ez  =  Jq  (5.52  r/R)  (30) 

Eq  =  Jj^  (3.832  r/R)  Sin  ^  Z 

Figure  2  gives  a  sketch  of  the  electric  field  distribution  in  the 
direction  of  major  diffusion,  for  tne  three  cavities. 

In  Figure  2  it  is  seen  that  one  cavity  has  a  uniform  field  in  the 
direction  of  major  diffusion,  while  the  other  two  were  designed  to 
have  non-uniform  fields  in  the  direction  of  major  diffusion.  The 
data  received  from  the  uniform  field  cavity  was  used  to  check  our  re¬ 
sults  with  those  of  previous  workers,  thus  providing  a  check  on  the 
calibration  of  the  equipment . 

The  experimental  conditions,  used  in  this  work  to  study  non- 
uniform  field  breakdown,  differ  from  those  of  Platzman  and  Solt*^^  in 
two  respects: 


1.  TM 


010 


2.  TM, 


020 


TE, 


Oil 
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a)  There  Is  a  strong  field  gradient  in  the  direction  of  major 
diffusion^  which  should  result  in  an  Increased  effect.  This  was  ac- 
canpllshed.  without  change  in  the  geometry.  Platzman  £uid  Solt^^  created 
strong  gradients  in  a  small  region  of  the  cavity^  by  introducing  a  small 
boss  in  the  center  of  their  cavity.  This  would  have  the  effect  of  chang¬ 
ing  the  diffusion  length  even  if  the  field  were  to  remain  uniform.  It 

is  possible  that  the  discrepancy  between  theory  and  their  datay  for  the 
pressure  range  where  the  boss  was  effective)  is  due  to  this  additional 
effect. 

b)  The  cavity  oscillating  in  the  mode  has  a  field  distribution 

that  Is  periodic  in  the  direction  of  major  diffusion.  If  the  data  and 
calculations  for  this  cavity  should  show  a  relation  between  the  effect¬ 
ive  diffusion  length  and  the  special  periodicity,  then  it  may  be  pos¬ 
sible  to  relate  effective  diffusion  lengths  for  breakdown  in  unbounded 
regions  to  the  wavelength  of  the  breakdown  field.  Such  a  relation 

would  be  a  function  of  the  parameter  E/p,  due  to  the  dependence  of  the 
effective  diffusion  length  on  E/p. 

The  arrangement  of  the  apparatus  in  the  experiment  is  shown  in  the 
block  diagram  of  Figure  3*  The  equipment  is  standard  and  is  similar  to 
that  used  in  previous  breakdown  experimentsi^*^  We  used  a  one  mllli- 
curie  radiation  source  to  provide  initial  electrons  for  the  start  of 
the  breakdown  avalanche. 

The  experimental  procedure  consisted  of  measuring  the  power  absorbed 
by  the  cavity  at  breakdown  for  various  pressures.  From  this  data  to¬ 
gether  with  a  measiirement  of  the  Q  of  the  cavity,  the  maximum  field  in 
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the  cavity  at  breakdown  was  determined*^* Breakdown  was  noted  by 
observing  a  sudden  Increase  In  the  VSV®  of  the  cavity  at  resonance. 


20. 


IV. 


MEASl 


Insist 


Figiires  4-  through  10  present  the  data  of  measurements  of  voltage 
standing  wave  ratios  and  positions  of  voltage  minima  as  a  function  of 
frequency  for  the  three  cavities.  This  data,  together  with  the  theo¬ 
retical  charts  of  Brown  and  Rose,^®  was  used  to  determine  the  Q  of  the 
cavities. 

The  loadecT  Q  Is  defined  as 


Q 


(31) 


where  is  the  frequency  of  resonance  and  Af  Is  the  width  of  the 
VSWR  vs.  frequency  curve.  The  height  at  which  the  width  Is  measured, 
designated  as  on  the  graphs,  is  determined  by  the  value  of  the  VSWR 
at  resonance  (R^)  and  the  value  of  the  VSWR  far  away  from  resonance 
(R„).  The  unloaded  Q  can  then  be  determined  from  the  values  of  Q, , 

Rq,  and  from  the  plot  of  the  position  of  the  voltage  minima  as  a 
function  of  frequency.  This  plot  Indicates  whether  the  cavity  Is  under¬ 
coupled  or  overcoupled.  Figures  6  and  8  show  that  the  cavities  resonat¬ 
ing  in  the  TMqj^q  and  TMq2q  modes  are  undercoupled,  while  Figure  10  shows 
the  overcoupling  of  the  cavity  resonating  in  the  TEq^j^  mode.  A  detailed 
description  of  this  method  of  determining  the  unloaded  Q  is  given  in 
Reference  1. 


I 


I  The  following  table  summarizes  the  results  of  the  measurments 

I 


Mode 

Tq  (me) 

Af  (me) 

Rq  (db) 

R.  (db) 

«a  . 

™010 

8851.2 

37.3 

0.5 

29 

13.8 

237.3 

427.1 

9448.2 

9.1 

2.15 

WBM 

13.5 

1038.3 

1661.2 

’•^011 

9480.5 

13.1 

B 

29 

15.6 

723.7 

2272.4 

V.  DETmiNATION  OF  THE  ELECTRIC  FIEID  IN  THE  CAyHY^** 


The  power  absorbed  by  the  ca/ity  at  resonance  is  related  to  the 
energy  stored  In  the  cavity  by 


(32) 


where  uJq  is  the  radian  resonant  frequency,  is  the  unloaded  Q  and 
u  is  the  energy  stored  in  the  cavity.  The  stored  energy  can  be  ex¬ 
pressed  as 


U  =  i  «0  J  dv 

V 


(33) 


where  is  the  free  space  permittivity,  E  is  the  electric  field  in 
the  cavity  and  the  integra*^ion  is  performed  over  the  total  volume  of 
the  cavity.  The  electric  field  can  be  expressed  as 
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%rtiere  Is  the  rms  value  of  the  field  at  a  point  in  the  cavity  where 
the  field  is  a  maxiaum*  The  function  f  (r^  0y  z)  gives  the  space  de¬ 
pendence  of  the  field,  as  determined  by  the  mode  of  oscillation.  Com¬ 
bining  Equations  (32),  (33) »  and  (3*+)  yields  for  the  power  absorbed  at 
resonance 


(r,  e,  z)  dv  =  ^  Eq*  Ti 


(35) 


with  Ti  =  Sq  J  (r,  6,  z)  dv  . 

V 


The  rms  electric  field  at  the  maximum  field  point  can  now  be  written 
as 


E 


o 


(36) 


The  following  table  gives  the  quantity  tj  for  each  of  the  modes  considered. 


Mode 

n 

®*010 

0.2695  CqH  r^^h 

®*020 

0.1158  .,n 

TBqii 

0.2395  «oTi  r^^h 

and  h  is  the  radius  and  height  respectively  of  the  cylindrical 
cavity  in  each  particular  case. 

If  the  incident  power  on  the  cavity  is  measured  at  resonance, 
then  the  absorbed  power  is  determined  frcm  the  relation 


Pq  =  P^  (l-p») 


(37) 


where  p  is  the  magnitude  of  the  reflection  coefficient  at  resonance. 
The  desired  value  of  the  electric  field  can  then  be  determined  by  the 
use  of  Equation  (36). 
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VI.  aiasffgaiQii  si  rbsolis 

Figures  11  through  1^-  present  the  results  of  the  calculations  for 
the  two  non-uniform  field  cavities.  To  perform  the  calculations  one 
assumed  an  electron  density  distribution  of  the  form 


n  (r,z)  =  Nq 


n 

Sin  -  z 
L 


[|Jo(5.52  r/R)|]" 


(38) 


for  the  TMq2q  mode  cavity,  and 


m  ^  fJ,  ^3.832  r/R)-,m 
n  (r,z)  =  N-  Sin“  —  z  - 


.5819 


(39) 


for  the  mode  cavity.  Here,  N^'  is  a  finite  density  at  the  point 

of  maximum  field  in  the  cavity  and,  m  is  a  variational  parameter. 

These  expressions  together  with  the  dependence  of  the  ionization 

coefficient  and  the  electric  field  distributions  in  the  respective 
cavities  were  used  in  Equation  (11)  to  perform  the  variational  calcu¬ 
lations.  The  calculations  were  performed  on  a  high  speed  digital  com¬ 
puter.  Figures  11  and  12  show  the  variation  of  (ky  k^)*  with  the  para¬ 
meter  m  and  E^g^P  for  the  two  cavities.  Figures  13  and  Ih  show  the 
variation  of  the  minima  of  (k^/k^)*  with  E^g^.  The  minimum  is  the 
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eigenvalue  for  non-uniform  field  breakdown  or  the  reciprocal  of  an 
effective  diffusion  length,  is  the  eigenvalue  for  uniform  field 
breakdown  which  for  a  cylindrical  cavity  is 


(40) 


In  Figures  11  and  12  we  see  that  the  minima  of  the  curves  shifts  to 
larger  values  of  m  with  decreasing  indicating  a  more  highly 

peaked  density  at  lower  values  of  Eeg/^*  13  and  14  show  the 

strong  Egg^p  dependence  of  the  diffusion  length  for  non-uniform  field 
breakdown. 

In  Figure  15  we  compare  the  data  taken  in  the  uniform  field  TMq^q 
cavity  with  theory.  Agreement  is  good  throughout  the  region  where 
the  theory  applies,  that  is  down  to  a  value  of  pressure  times  gap 
distance  equal  to  the  mean  free  path  limit.  The  broken  line  marked 
K  -  a/10  indicates  the  mean  free  path  limit  for  our  cavity.  The  mean 
free  path  I  was  computed  by  assuming  a  mean  electron  energy  of  5  e*v. 
at  breakdown.  This  is  about  1/3  the  ionization  potential  of  nitrogen. 
The  broken  line  marked  diffusion  limit  indicates,  roughly,  the  sepa¬ 
ration  between  diffusion  and  attachment  controlled  breakdown.  In 
Figure  16  we  compare  our  data  for  uniform  field  breakdown  with  data 
taken  at  S  band  by  L.  Gould. 


ThB  data  taken  in  the  two  non-uniform  field  cavities  together 
with  a  plot  of  the  theory  for  uniform  field  breakdown  is  shown  in 
Figure  17*  All  exp'erlmental  data  was  reduced  according  to  Equation  (15) 
and  the  diffusion  length  used  in  this  plot  is  the  one  that  would  apply 
if  we  had  uniform  field  breakdown  in  the  two  cavities.  Figure  l8  pre¬ 
sents  the  saime  data  after  the  diffusion  length  in  each  case  was  cor¬ 
rected  by  the  theoretically  computed  factors  given  in  Figures  13  and 
l4.  In  Figure  17  we  see  that  in  the  diffusion  controlled  region  the 
non-uniform  breakdown  field  values  do  fall  above  the  uniform  field 
line  as  expected;  that  is,  any  non-uniformity  in  the  field  must  be 
compensated  for  by  an  Increased  value  of  the  maximum  field  at  break¬ 
down.  However,  in  the  attachment  controlled  breakdown,  where  the  loss 
mechanism  operates  in  the  immediate  region  where  the  electron  is  pro¬ 
duced,  one  would  expect  no  difference  between  the  non-uniform  and 
uniform  breakdown  field  values.  We  would  expect  the  non-uniform  field 
data  to  asymptotically  approach  the  attachment  limit.  Instead  the 
data  indicates  that  the  non-uniform  breakdown  field  values  are  con¬ 
siderably  below  the  uniform  field  values  in  the  attachment  region. 
Furthermore  after  the  corrections  to  the  diffusion  lengths  have  been 
applied  we  would  expect  that  the  non-uniform  field  data  to  coincide 
with  the  uniform  field  breakdown  data.  In  Figure  I8  we  see  that  the 
data  falls  below  the  uniform  field  data. 

The  discrepancy  seen  in  Figure  I8  between  theory  and  experiment 
In  the  diffusion  region  is  not  surprising.  Our  choice  for  the  electron 
density  spatial  distribution  in  each  of  the  cavities  is  only  a  crude 
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approxlmation  to  the  actual  density  distribution*  In  addition  the  theory 
assumes  that  the  ionization  coefficient ,  C  is  determined  by  the  field 
at  each  point.  This  means  that  the  distance  that  an  electron  diffuses 
in  an  energy  relaxation  time  be  small  compared  to  the  distance  over 
which  the  field  changes  appreciably^  We  have  calculated  the  pressure 
below  which  this  is  no  longer  true  for  our  cavities  in  Section  II  C. 

The  broken  line  marked  energy  relaxation  limit  in  Figure  18  shows  this 
point.  At  values  of  pA^  below  this  limit  the  above  criteria  is  not 
strictly  true  in  our  cavities,  thus  providing  an  additional  cause  for 
the  discrepancy  of  theory  and  experiment  in  this  region.  However,  we 
suspect  that  the  main  cause  for  the  discrepancy  in  this  region  is  the 
crude  choice  of  the  electron  density  distribution  function.  A  more 
complex  distribution  function  was  not  chosen  in  deference  to  available 
computer  time. 

The  fact  that  the  experimental  data  falls  below  the  attachment 
limit,  suggests  that  possibly  a  mechanism  in  addition  to  attachment 
and  diffusion  plays  a  role  in  strongly  non-uniform  field  breakdown.  In 
addition  to  possible  surface  effects  it  is  conceivable  that  a  negative 
space  charge  near  the  maximum  field  point  could  reduce  both  diffusion 
and  attachment,  thereby  lowering  the  breakdown  fields.  Such  an  effect 
might  not  have  shown  up  in  the  uniform  field  breakdown  experiments  due 
to  the  much  larger  diffusion  rate  in  the  very  small  gap  distance. 

Should  such  a  space  charge  exist,  it  would  probably  show  up  stronger  in 
an  attaching  gas,  such  as  air  where  negative  ions  might  contribute  to 
the  space  charge.  It  is  to  be  noted  that  the  data  of  Platzman  and 
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sol  t*'^  for  the  case  of  the  non-uniformity  around  a  bossy  also  falls 
below  the  theory  in  the  diffusion  controlled  region*  Unfortunately 
their  data  does  not  extend  to  the  attachment  controlled  region.  The 
possible  existence  of  space  bharge  effects  in  strongly  non-uniform 
field  breakdown  warrants  further  study.  It  is  possible  that  strong 
field  gradients  which  can  give  rise  to  confining  forces,  would  play 
a  role  in  the  formation  of  the  space  charge. 

In  Section  III  we  mentioned  that  since  the  mode  cavity  has 

a  special  periodicity  in  its  field  distribution,  we  would  look  for 
some  relation  between  this  spaclal  periodicity  and  effective  diffusion 
length,  in  the  hope  of  clarifying  the  choice  of  one  half  the  wavelength 
for  diffusion  lengths  in  free  space.  From  our  calculations  no  simple 
relation  between  the  spaclal  periodicity  in  the  mode  cavity  and 

effective  diffusion  length  could  be  discovered. 
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PRESSURE  AS  A  FUNCTION  OF  THE  PRODUCT  OF  PRESSURE 
TIMES  GAP  DISTANCE. 
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R6URE  16 

THE  RATIO  OF  THE  EOUIVALENT  ELECTRIC  FIELD  TO  THE 
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